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Abstract. The notion of travel groupoids was introduced by L.Nebeský in 2006 in con-
nection with a study on geodetic graphs. A travel groupoid is a pair of a set V and a binary
operation ∗ on V satisfying two axioms. We can associate a graph with a travel groupoid.
We say that a graph G has a travel groupoid if the graph associated with the travel groupoid
is equal to G. Nebeský gave a characterization of finite graphs having a travel groupoid.
In this paper, we study travel groupoids on infinite graphs. We answer a question posed
by Nebeský, and we also give a characterization of infinite graphs having a travel groupoid.
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1. Introduction
A groupoid is the pair (V, ∗) of a nonempty set V and a binary operation ∗ on V .
The notion of travel groupoids was introduced by L.Nebeský [5] in 2006 in connection
with his study on geodetic graphs [1], [2], [3] and signpost systems [4]. First, let us
recall the definition of travel groupoids.
A travel groupoid is a groupoid (V, ∗) satisfying the following axioms (t1) and (t2):
(t1) (u ∗ v) ∗ u = u, for all u, v ∈ V ,
(t2) if (u ∗ v) ∗ v = u, then u = v for all u, v ∈ V .
Note that a travel groupoid is an idempotent groupoid, i.e., x ∗ x = x holds for any
x ∈ V ([5], Proposition 1).
Let (V, ∗) be a travel groupoid, and let G be a graph. We say that (V, ∗) is
on G or that G has (V, ∗) if V (G) = V and E(G) = {{u, v} ; u, v ∈ V, u 6= v,
and u ∗ v = v}. It follows immediately from the definition that if (V, ∗) is a travel
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groupoid on a graph G, then u and u ∗ v are adjacent in G for two distinct elements
u and v of V ([5], Proposition 3). Thus the following holds.
Lemma 1. Let G be a graph and let (V, ∗) be a travel groupoid on G. For any
two distinct elements u and v in V , we have u ∗ v ∈ NG(u), where NG(u) denotes
the set of vertices adjacent to u in G.
Nebeský showed the following theorem which characterizes finite graphs having
travel groupoids.
Theorem 2 ([5], Theorem 6). Let G be a finite graph. Then, G has a travel
groupoid if and only if either G is connected or G is disconnected and no component
of G is a tree.
Nebeský posed the following question.
Question 3 ([5], Question 3). Does there exist an infinite graph G with no finite
components such that G has no travel groupoid?
In this paper, we study travel groupoids on infinite graphs. In Section 2, we answer
the above question by Nebeský. In Section 3, we give a characterization of infinite
graphs having travel groupoids, which is an extension of Theorem 2.
2. Answer to a question by Nebeský
An infinite star is a graph S∞ defined by
V (S∞) = {vi; i ∈ {0} ∪ N} and E(S∞) = {{v0, vi}; i ∈ N},
where N = {1, 2, . . .} denotes the set of positive integers.
Theorem 4. Let G be the disjoint union of an infinite star S∞ and an infinite
connected graph H . Then G has no travel groupoids.
P r o o f. Suppose that there exists a travel groupoid (V, ∗) on G, where V =
V (G). Take any vertex w in H . Then w 6= v0. Since NG(v0) = {vi; i ∈ N}, we have
v0 ∗ w ∈ {vi; i ∈ N} by Lemma 1. Let vj := v0 ∗ w. Since NG(vj) = {v0}, we have
vj ∗ w = v0 by Lemma 1. Therefore it follows that (v0 ∗ w) ∗ w = vj ∗ w = v0 while
w 6= v0. Thus (V, ∗) does not satisfy Axiom (t2), which is a contradiction. Hence
the theorem holds. 
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Let G be the disjoint union of an infinite star S∞ and an infinite connected
graph H . Then G has no finite connected component. By Theorem 4, there is
no travel groupoid on G. Hence the answer to Question 3 is YES.
3. Characterization
In this section, we give an extension of Theorem 2.
Recall that a geodetic graph is a graph in which there exists a unique shortest
path between any two vertices. Let G be a geodetic graph. Let V := V (G). For two
vertices u and v of G, let AG(u, v) denote the vertex adjacent to u which is on the
unique shortest path from u to v in G. Define a binary operation ∗ on V as follows:
For all u, v ∈ V , let u ∗ v := AG(u, v) if u 6= v and u ∗ v := u if u = v. This groupoid
(V, ∗) is called the proper groupoid of the geodetic graph G. Remark that the proper
groupoid of any geodetic graph is a travel groupoid.
Lemma 5. For every (finite or infinite) tree T , there exists a travel groupoid
on T .
P r o o f. Since any tree is a geodetic graph, we can define the proper groupoid
(V, ∗) on T . Hence T has a travel groupoid. 
Lemma 6. For every (finite or infinite) connected graph G, there exists a travel
groupoid on G.
P r o o f. Let V := V (G). Fix a spanning tree T of the graph G. Let (V, ∗T ) be
the proper groupoid on T . Now we define a groupoid (V, ∗) as follows. For each edge
{u, v} ∈ E(G), let u ∗ v := v and v ∗u := u. For u and v such that {u, v} 6∈ E(G), let
u ∗ v := u ∗T v. Then we can show that (V, ∗) is a travel groupoid on G as follows.
Consider arbitrary two elements u and v in V .
First we check (t1). Put w := (u ∗ v) ∗ u. We will show that w = u. If u = v,
then u ∗ v = u and therefore w = u ∗ u = u. If u and v are adjacent, then u ∗ v = v
and therefore w = v ∗ u = u. Assume that u and v are not adjacent in G. Then
u ∗ v = u ∗T v is the vertex adjacent to u which is on the path from u to v in T .
Since u ∗ v and u are adjacent, we have w = (u ∗ v) ∗ u = u. Thus (t1) holds.
Second we check (t2). We assume that u 6= v. We show that (u ∗ v) ∗ v 6= u. If
u and v are adjacent in G, then (u ∗ v) ∗ v = v ∗ v = v 6= u. Suppose that u and v
are not adjacent in G. Then u ∗ v = u ∗T v. If u ∗ v and v are adjacent in G, then
(u∗v)∗v = v 6= u. If u∗v and v are not adjacent in G, then (u∗v)∗v = (u∗T v)∗T v
is the vertex which is on the path from u to v in T and the distance from u in T is
two, i.e., (u ∗ v) ∗ v is not equal to u. Thus (t2) holds. Hence the lemma holds. 
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Theorem 7. Let G be a (finite or infinite) graph. Then, G has a travel groupoid
if and only if either G is connected or G is disconnected and no component of G is
a tree with finite diameter.
P r o o f. Assume that G is connected or G is disconnected and no component
of G is a tree with finite diameter. If G is connected, then, by Lemma 6, there exists
a travel groupoid on G. Let G be disconnected. Then every connected component
of G contains a cycle or an infinite path. It is easy to see that there exists a mapping f
from V (G) into itself such that the following statements hold for every vertex u in G:
u and f(u) are adjacent vertices in G and u 6= f(f(u)). By Lemma 6, every connected
component H of G has a travel groupoid, say, (V (H), ∗H). For any two vertices x
and y in G, we define x ∗ y := x ∗H y if there exists a connected component H of G
such that x, y ∈ V (H), and x ∗ y := f(x) if x and y belong to distinct connected
components of G. It is easy to see that (V (G), ∗) satisfies the axioms (t1) and (t2).
Hence G has a travel groupoid.
Conversely, assume that G is disconnected and at least one component T of G is
a tree with finite diameter. Suppose, to the contrary, that G has a travel groupoid,
say, a travel groupoid (V, ∗), where V = V (G). Consider u ∈ V (T ) and v ∈ V (G) \
V (T ). Since V (T ) is finite and T contains neither a cycle nor an infinite path, we
see that there exists a positive integer k such that u ∗k+1 v = u ∗k−1 v. Therefore,
we have ((u ∗k−1 v) ∗ v) ∗ v = u ∗k−1 v, and so, by (t2), u ∗k−1 v = v. Thus u and v
belong to the same connected component of G, which is a contradiction. Hence the
theorem holds. 
References
[1] L.Nebeský: An algebraic characterization of geodetic graphs. Czech. Math. J. 48 (1998),
701–710.
[2] L.Nebeský: A tree as a finite nonempty set with a binary operation. Math. Bohem. 125
(2000), 455–458.
[3] L.Nebeský: New proof of a characterization of geodetic graphs. Czech. Math. J. 52
(2002), 33–39.
[4] L.Nebeský: On signpost systems and connected graphs. Czech. Math. J. 55 (2005),
283–293.
[5] L.Nebeský: Travel groupoids. Czech. Math. J. 56 (2006), 659–675.
Authors’ addresses: J u n g R a e C h o, J e o n gm i Pa r k, Department of Math-
ematics, Pusan National University, 63 Beon-gil 2, Busandaehak-ro (Jangjeon-dong),
Keumjeong-gu, Busan 609-735, Republic of Korea, e-mail: jungcho@pusan.ac.kr, jm1015@
pusan.ac.kr; Yo s h i o S a n o, Division of Information Engineering, Faculty of Engineer-
ing, Information and Systems, University of Tsukuba, 1-1-1 Tennodai, Tsukuba, Ibaraki
305-8573, Japan, e-mail: sano@cs.tsukuba.ac.jp.
766
